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1. Introduction

This chapter deals with the theoretical analysis of different types of
oscillations which may occur in single-molecule kinetics and their
influence on different experimental observables. The main difference
between a single-molecule system and a macroscopic kinetic system
is that for a macroscopic system the details of intramolecular dynam-
ics are lost due to the overlapping of a large number of signals pro-
duced by the different molecules present in the system, whereas for a
single-molecule system these microscopic signals have a direct influ-
ence on the experimental observables. In particular, oscillations of
observables due to intramolecular dynamics, which in macroscopic
experiments are smoothed out and do not show up in the observed
data, can be observed directly in single-molecule experiments.

In this chapter we do not intend to develop a general theory of
oscillations in single-molecule kinetics; instead we consider a few
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models, which can be investigated in detail. We intend to show the
reader how to build different stochastic models for single-molecule
kinetics, with special reference to oscillations. Experiments in single-
molecule kinetics! =7 consist in studying the chemical changes of one
large molecule, such as a protein or an enzyme, immobilized on a
support; the process may involve either a large molecule alone or
a large molecule interacting with smaller molecules; intramolecular
and molecular fluctuations are large and thus the deterministic mass
action laws of chemical kinetics do not hold and are replaced by
probabilistic laws. Although it would be desirable to develop a micro-
scopic description based on nonequilibrium statistical mechanics,
this is an extremely difficult task and thus the approaches in single-
molecule kinetics are based on a stochastic, mesoscopic description
involving two different types of stochastic processes. In the follow-
ing we use variations of the basic model: (a) A single-molecule can
exist in different chemical states u = 1, 2, ... and the random transi-
tions from one chemical state to another can be described by a local,
Markovian master equation with time-dependent transition rates,
kyu = ky, (1). (b) Due to the conformational and other (energy) fluc-
tuations in the single molecule, the rate coefficients k- (f) themselves
are random functions of time. Some approaches consider directly
the fluctuations of the rate coefficients, whereas other approaches
assume that the stochastic properties of the rate coefficients can be
represented in terms of a set of control parameters,>”~ such as total
energy of the molecule or the energy corresponding to a given degree
of freedom; in this chapter we use both approaches, (a) and (b). In
both cases we can write a Markovian master equation with random
rate coelficients for the probability P,(¢) that the molecule is in the
chemical state u at time ¢

0
EPM(I) = Z Pu’(t)ku’u(t) - Pu(t) Z kuu”(t)a (1)
' #u u" i

where k- (f) is the rate of transition (rate coefficient) from the state
u to the state u’ at time 7. The rate coefficients are random functions
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of time; thus, we need additional stochastic equations for describing
the fluctuations of the rate coefficients &, (f). The simplest approx-
imation is to neglect the fluctuations of the rate coefficients alto-
gether and describe the kinetics of the process in terms of a master
equation with constant coefficients; such an approach is similar to
traditional chemical kinetics and is used as a first approximation.
More sophisticated approaches make certain assumptions regarding
the fluctuations of the rate coefficients based on theoretical models or
experimental observations. In this chapter, we assume that the fluc-
tuations of the rate coefficients can be described in terms of known
characteristic functionals.

Among the different states u = 1,2, ... of the molecule stud-
ied, some are fluorescent and some are not. The molecule undergoes
a random walk among these states, resulting in random variations
of the fluorescent signal. The direct, raw experimental observable
in a single-molecule experiment is the fluorescent signal I(f) as a
function of time, collected from the molecule studied; since the
experiments are usually carried out in a time-independent regime,
the time series describing the evolution of /() is stationary. The
most commonly used approach of data analysis is based on the com-
putation of the correlation functions!® of the fluorescence signal at
times 11, ..., ty

Cn = (1) = (1)) -+ - () — (L(t)))). 2)

The second type of observables include the on/off time distri-
butions,®” that s, the distributions of the time intervals for which the
fluorescent signal is on or off, respectively.

The third type of observables which can be extracted from the
experimental data include the statistical properties of the numbers
of reaction events,!! that is, the numbers of occurrences of different
reactions occurring in a given time interval. The models used in this
paper are variations of the basic model based on the master equation
with random coefficients (1) supplemented by suitable descriptions
for the fluctuations of the rate coefficients. In the following sections
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we focus on using these models for investigating the connections
among the three types of experimental observables mentioned ear-
lier, and the possible occurrence of oscillations in single-molecule
kinetics.

2. Correlation functions and oscillations

Following Ref. 9 we start out by considering a special class of sys-
tems for which the fluctuating rate coefficients obey a separability
condition k,, = kgu, x(s), that is, they are made up of the mul-
tiplicative contributions of two factors: (a) a universal factor, x(s)
which is fluctuating and is the same for all interaction processes
and (b) process-dependent factors, kgu, which depend on the ini-
tial and final chemical states of the molecule but are not random.
This separability condition makes it possible to introduce an intrin-
sic timescale and use the method of characteristic functionals for
computing the correlation functions of the fluorescent signal. The
separability condition is consistent with the condition of detailed
balance for a system with a unique equilibrium state and is automat-
ically fulfilled by a system with two chemical states and a unique
equilibrium.

In Ref. 9, the theory was developed for the general case when the
single molecule has an arbitrary number of chemical states and gen-
eral expressions were derived for correlation functions of all orders.
However, for simplicity, we begin by considering a system with two
different chemical states. By applying the general theory developed
in the study of Ref. 9, we obtain the following formula for the second-
order correlation function:

(AI(HAI(t + 1)) = H (1), 3)

(K + 1)2

where

K = k4 (2)/k4(r) independent of ¢ (@)
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is the equilibrium constant of the process, which, for a single chemical
equilibrium is time-independent and not random. The term

At
F(AL) = <exp (—/ kg(t’)dt’>> (5)
0

is a dynamic damping factor and

ks(®) =ky () + k() (6)

is a total fluctuating rate coefficient, which is the sum of forward
and backward reaction rates k4 (f) and k_(¢), respectively, and {...)
denotes a dynamic average over all possible values of the total fluc-
tuating rate coefficient kx (7). For a system with two chemical states
the separability condition mentioned earlier is automatically fulfilled
and Eq. (3) is not subjected to any restriction.

If we assume that the cumulants ((kx(£))), ({(ks(t1)kg(£))) ... of
the total rate coefficient exist and are finite, the damping factor can
be expressed by a cumulant expansion. We arrive at

HF(AL) = exp{ Z (D"

m!

m=1

At At
x/O /0 <<kz(t1>---kz<rm>>>dn---dtm}. (7)

The data can be analyzed in terms of the effective decay rate

d
(AN = ———
ketr (Al) A7 In Z(A1)

o0

B P (_l)m—l
=(ks)+ 557 2 —

2
At At
X/O /0 (e (t) -+ ks () iy - diy. (8)

The effective decay rate bears information about the nature of
intramolecular fluctuations. If the fluctuations of the rate of change
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are of short range in time (Markovian or independent fluctuations),
then in the long run, the effective decay rate is independent of the
time difference At

keff (At) = independent of At as At — oc. 9

If condition (9) is fulfilled by the experimental data, then the
intramolecular fluctuations are of short range in time. If kegr(Af)
varies with At for large time differences At, then the intramolecular
fluctuations are of long range. In addition, we notice that the effec-
tive rate is a better function for identifying the existence of oscilla-
tions in single-molecule kinetics than the correlation function of the
fluorescent signal. In order to evaluate kefr(At), however, accurate
measurements are necessary.

In order to express the contribution of intramolecular fluctuations
to the effective decay rate, we evaluate the difference

Akest (At) = kegr (A1) — (ks (1))

[e¢]

P (_l)m—l
At 2 m!

m=2

At At
X[O /O (ks (1) - kgt -+ db. (10)

In the particular case of Gaussian fluctuations of the total rate coeffi-
cient, all camulants of order higher than 2 vanish and the difference
Akess (At) is simply given by

1 9 At At
Akegr (AF) = T39A7 ; / (ks (t1)kx(12)))dtdt
0
8 At
= _k):a_Af ; (At — x)g(x)dx, (11)

where

1
gy — 1)) = <k2)2<(k2(t1)kz(tz)>) (12)
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is the relative value of the correlation function of the total rate coeffi-
cient. The relative correlation function can be evaluated from exper-
imental data by solving Eq. (11) for g(A?), resulting in

g(Al) = —é%Akeff(At). (13)
This simplified model makes it possible to discuss the possible
existence of damped oscillations in single-molecule kinetics. We start
out by analyzing the oscillations due to the intramolecular fluctua-
tions. For simplicity we limit ourselves to the case of Gaussian fluc-
tuations. In this case it is easy to show that if the relative correlation
function of the rate of change, g(Af), which expresses the intramolec-
ular fluctuations, displays damped oscillations, then damped oscilla-
tions may also occur in the correlation functions of the fluorescent
signal. According to the normal mode theory,!? the function g(A7)
can be expressed as

gl —nl) =Y cqexpl—gqlti — 1]
q

+ / c(@) expl—e@lt — blldg.  (14)
q

In this equation, ¢4, c(q), g4, Re(ey) > 0 and &(q), Re(e(g)) > 0
are amplitude and frequency factors attached to the different normal
modes. Since, in general, both ¢, and &, are complex, their values
must be chosen in such a way that the corresponding Gaussian pro-
cess is physically consistent. For a purely discrete mode spectrum in
Eq. (14) the integral term is missing, and the stochastic process, even
though generally nonMarkovian, has short memory. The Markovian
memory corresponds to a single exponential, that is, to a single mode.
For a discrete spectrum, the Markovian approximation is accurate for
large time differences, because in this case the main contribution to
the sum in Eq. (14) is given by a single exponential which corresponds
to the frequency with the smallest absolute value. If the mode spec-
trum has a continuum branch, then the tail of the correlation function
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may obey a scaling law of the inverse power type and the system may
display long memory. Our analysis in this chapter is limited to the
case of short-range fluctuations, for which Eq. (14) contains only the
contribution of the discrete spectrum.

We consider the following physical constraints:

(1) For a time difference equal to zero, the autocorrelation func-
tion is equal to the dispersion of the total relative rate, v(t) =
ks (f)/(kx(?)) at time ¢, ((12(1))), which, by definition, must be
non-negative.

(2) Since the characteristic frequency is a real function of time, the
modes with complex frequencies ¢, must occur in conjugated
pairs.

(3) For large times the autocorrelation function of the relative total
rate must decay to zero.

We keep in Eq. (14) only the contribution of the discrete spectrum

and express the contribution of real eigenvalues 8963]) and of complex
eigenvalues sc(lcompl) = g * ioy. After some calculations, we obtain

cl ']
gn—nh= D> cIexpl—ef|n —nl]

real values

+ Z cécomp]) exp[—s((;omp]) [t1 — 2]

complex values

— Z C((]rea]) exp[_gc(lreal)“‘1 — 5]

real values

+ Y 2fagcosloglt — ]

complex values

+ by sinfog|ty — 0|} expl—ugqlts — 1211, (15)

where a, and b, are the real and imaginary parts of the complex

amplitude factors, and cfzcomp D — aq * ibg. In order that the con-

straints (1)—(3) be valid we introduce the following restrictions for
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the parameters in Eq. (15):

i, ag>0, by>0 (16)
sflrea]), g > 0. 17)

The restrictions (16) ensure that the dispersion of the characteristic
frequency is non-negative, whereas the restrictions (17) are necessary
in order that the autocorrelation function tends to zero for large time
differences. The damping factor of the correlation function .#(At)
can be expressed as

H(Ar) = expl—ksAr + ksO(AD)], (18)
where ® (At) is a phase factor given by

c (real)

2(agjg + byoy)
O =ar| Y Ay H L
(AN (}'Lq)?' + (‘7(_.')2

real values 9 complex values

c (real)

_ q
Z (Sq)2

real values

agl(5)% = (1)%] = 2bgpig0
2 q q q qrq9=q
¥ [ (1% + (0 P2 }

complex values

(real)
cq 2
+ > —g A +
002 exp(—e4Al) [(e)? 1 0 2P

real values

x> {agl(pg)? — (04)71cos(ogAL) + 2bgiigoq)

complex values

— g
X exp(—pgqAt) + ()2 + (0]

XY {bgl(g)? — (0g)*1sin(o,AL) — 2ag1404)

complex values

X exp(—uqAt). 19)
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The phase factor ®(A¢) has the following asymptotic behavior:

MA? as At — 0
BAn ~ { At as At — o0’ 20)
where the proportionality factors .# and G are given by
1
M = 5 ooy Y e >0, (21)

real values complex values

(real)

c 2(agihg + bgoy)
6= Y <L+ > T3 1L 0. (22)
(,uq)2+(aq)2

&
real values 1 complex values

In this case the wvariation of the effective rate coefficient has the
asymptotic behavior

—2 At asAt— 0

-6 as At — oo’ (23)

Akest(AL) ~ kz{

For large as well as short time differences, the variation Akegr(Af)
is negative: as expected, for large time differences the variation is
constant, as it should be for short-range intramolecular fluctuations.
According to Eq. (19) the phase factor ®(At) may display damped
oscillations in the time difference At. From Eq. (18) it follows that the
same type of damped oscillation must be displayed by the damping
factor Z(At). We did a numerical study of the possible occurrence
of damped oscillations in the correlation functions of the fluorescent
signal, due to the presence of damped oscillations in intramolecu-
lar dynamics, represented by the complex eigenmodes in Eq. (19).
In order for the damped oscillations to show up in the correlation
functions on the fluorescent signal, it is necessary that the timescale
of the chemical process be of the same order of magnitude as the
timescale of intramolecular dynamics. Figure 1 shows such a damped
oscillating behavior for the second-order correlation function of the
fluorescent signal Co(7) = (AI(t + 1) AI(t)), which is similar to the
oscillations observed in the experiments of Edman and Rigler.!” Sim-
ilar behavior is displayed by the correlation functions of higher order.
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Fig. 1. Graphical representation of the absolute value of the second-order cor-
relation function C;(r) versus the time difference T = |t — #] for a two-state
Gaussian model. (The relative correlation function g(At) is represented by a linear
combination of complex exponential terms.)

It has been suggested that the damped oscillations of the correlation
functions of high order can be used for the characterization of the
nonMarkovian nature of the two-state fluorescent process.'® A non-
Markovian function (NMF) has been defined in terms of the second-
and third-order correlation functions of the fluorescent signal:

Cs(t1, 12)
Ca(12)

where p is the stationary probability that the molecule is in a flu-
orescent state. Figure 2 shows a typical memory landscape for the
NMF computed by applying our approach from Egs. (3)-(5), (18),
and (19), and the expression

NMF(z), 12) = ps [ — Cz(fl)} : (24)

AI(EAT Al — 7 KK~ 1)
(AIHAI(E+1)AIt+ 11 + 12)) = (T1+T2)W,

(25)
for the third-order correlation function, computed by applying our
theory presented in Ref. 9. The computed landscape displays the same
type of damped oscillations as the ones observed in the experiments
of Edman and Rigler.'?

Another possible cause for the occurrence of the damped oscilla-
tions of the correlation functions is the interaction between chemical
kinetics and intramolecular dynamics. This cause was suggested by
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Fig. 2. Graphical representation of the non-Makovian function NMF(t|, 1) of
Edman and Rigler10 versus the time differences 1) and 7, for a two-state Gaussian
model. (The relative correlation function g(At) is represented by a linear combi-
nation of complex exponential terms.)

Edman and Rigler!® in order to explain their experimental data on
the oxidation reaction involving a single molecule of immobilized
horseradish peroxidase. These authors neglected the random fluctu-
ations of the rate coefficients and assumed that the kinetics of the
process can be described by a simplified form of the master equa-
tion (1), where the rate coefficients k,, are constant. They have cho-
sen sets of rates k,,,, which correspond to closed loops of states and
violate detailed balance. It has been theoretically proven that a mas-
ter equation with rates k,,, which violate the detailed balance, are
capable of producing damped oscillations.? The model of Edman and
Rigler'? seems to contradict the principles of statistical mechanics,
because they evaluate time invariant, equilibrium correlation func-
tions by using a model which violates the detailed balance. How-
ever, we show shortly that this is not necessarily the case. A single
molecule is not a macroscopic system; therefore, it does not have to
obey equilibrium statistical mechanics; however, a single molecule
is not isolated, but connected to its environment, and in most exper-
iments, the ensemble molecule plus environment are at statistical
equilibrium. Actually, most experimental studies of single-molecule
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kinetics involve the measurement of the regression of the equilibrium
fluctuations of the fluorescent signal.

We consider a different approach, which shows that the model
of Edman and Rigler'® may be correct and do not violate detailed
balance. We assume that the intramolecular dynamics, expressed
in terms of the control parameters s(f) = (s1(2), sz(i), ...), can be
described by a Markovian stochastic process. We denote by Z(s; f)ds
the probability that at time ¢ the vector of control parameters is
between s and s + ds and assume that its time evolution is described
by a linear evolution equation:

%,@(s; 1) =LZ(s; 1), (26)

where L is a Markovian operator of the Fokker-Planck, master or
Liouville type. We introduce the joint probability density B, (s; t) for
the chemical state of the molecule u and the control vector s. This
joint probability density is the solution of a compound stochastic
Liouville equation!3-14:

0
—Bu(s: 1) = LBy(s; 1) + 2#3 Bu(8; Dy (5)
11 171

—Bu(si1) ) kuw(5). @7)
u'£u

We are interested in the evaluation of the marginal probability

Pu(t) = / Bu(s: 1)ds, (28)

in terms of which we can compute the experimental observables, the
correlation functions of the fluorescence signal. A simple way would
be to derive an approximate equation for the marginal probability
P, () by eliminating the stochastic vector s from Eq. (27). This is a
standard topic in statistical physics,'31* which is usually referred to
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as the “renormalization of stochastic evolution equations.” In quan-
tum field theory, a “bare” particle interacting with a field is replaced
by a “dressed” particle with renormalized parameters, which take
into account the contribution of the field. By analogy with quan-
tum field theory, we start out with a set of “bare” rate coefficients,
k,, (s), which depend on the fluctuations of the control parameters
and then introduce a set of “dressed”, renormalized rate coefficients
lvcu/u, which express the contribution of the fluctuations of the control
parameters. If the intramolecular fluctuations, expressed in terms of
the control parameters, have a short correlation time compared to
chemical dynamics, the renormalized rate coefficients can be eval-
uated by using Van Kampen’s renormalization method based on a
cumulant expansion. !> We get a “dressed” master equation for the
marginal probability P,(¢)

d v .
P =3 POk — Pu(®) ) (29)
u'F#u u'#u

where the renormalized rate coefficients k,, are expressed by
fluctuation—dissipation relations as integrals of functional transfor-
mations of the correlation functions of the control variables. These
expressions can be derived by using a cumulant expansion; in order to
save space they are not given here. The important thing is that Eq. (29)
is of the type used by Edman and Rigler'? in their analysis. By starting
out from a set of “bare” rate coefficients k,, (s), which obey detailed
balance, we end up with a set of renormalized, “dressed” rate coeffi-
cients lvcuru, which do not have to obey a similar condition of detailed
balance. In general the renormalized rate coefficients lvcuxu are differ-
ent from the average values of the “bare” rate coefficients, (k,,(S)).
The differences

Aléu’u - ]\éu’u - (ku/u (S))’ (30)

measure the contribution of intramolecular fluctuations to the values
of the renormalized rate cocfficients.
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The model of Edman and Rigler is valid if the following conditions
are fulfilled:

(a) The intramolecular fluctuations have a short correlation time
compared to the chemical timescale. If this condition is fulfilled,
then the stochastic Liouville equation (27) can be replaced by the
time homogeneous Markovian equation (29).

(b) Although short, the correlation time of intramolecular fluctua-
tions is long enough so that the renormalized rate coefficients
lvcuru are different from the average values of the “bare” rate coef-
ficients, (k,, (s)), thatis, A]ch,u # 0. If this constraint is fulfilled,
it is possible that the renormalized rate coefficients do not obey
detailed balance even though the bare coefficients do.

(c) The chemical states of the system are connected with at least a
loop!?; for this condition to be fulfilled there must be at least

three chemical states.

An interesting problem pointed out by a referee is to identify
the conditions for which “bare” kinetic equations obeying detailed
balance would lead to “renormalized” kinetic equations which violate
detailed balance. In general, this is still an open problem. Based
on the method of projection operators, recently we have identified
a few particular cases for which “bare” detailed balance leads to
“renormalized” detailed balance.

It is interesting to compare the two mechanisms for damped
chemical oscillations of correlation functions discussed in this paper.
Although both mechanisms involve the intramolecular fluctuations
expressed in terms of the random variations of control variables, their
role is different in the two cases. In the first case, the timescale of the
intramolecular fluctuations must be of the same order of magnitude as
the chemical dynamics, and the damped oscillations of the correlation
functions of the fluorescent signal are a direct result of damped oscil-
lations at the intramolecular level. Here chemical dynamics plays a
marginal role in the occurrence of damped oscillations; the oscilla-
tions may emerge even if there are only two chemical states. In the
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second case the intramolecular fluctuations play an indirect role:
their job is to produce “dressed” rate coefficients which may violate
detailed balance. In this case the intramolecular fluctuations are char-
acterized by a characteristic time, which is smaller than the timescale
of chemical kinetics. The chemistry plays a major role in the genera-
tion of the oscillations: they are produced by feedback loops involv-
ing at least three chemical states, which may violate detailed balance.
In contrast to the first case, damped oscillations may exist even if the
intramolecular dynamics do not have an oscillatory component.

There is a unified approach which can be used for describing both
types of oscillations, intramolecular and chemical, respectively. The
starting point is the stochastic Liouville equation (27). Instead of
using approximate renormalization group methods for the elimina-
tion of the control parameters, we use an exact method, based on
the use of an additional variable, the age a'%17 of a given chemical
state of the single molecule. We introduce a joint probability density
Py (a, s; t) for the state u of the molecule, the age a of the state u,
and the vector s of the control parameters, all evaluated at time ¢ and
the marginal probability density:

Ky (a;t) = /@u(a, s; 1)ds 31D

of the state u of the molecule and the age a of the state u at time ¢.
P, (a, s; 1) is the solution of a system of age-dependent stochastic
Liouville equation:

d d
<E + %) RBy(a,s; t) =L%B,(a,s; t) — PBy(a,s; ) ; ki (S),
w #u

(32)

o0
PBu (0,80 = D kuu(S) / PBu(d,s;)da’. (33)
u'Fu 0
Equations (32) and (33) have a special structure which makes it possi-
ble to eliminate formally the vector s of control variables; such elim-
ination methods were developed in connection with the description
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of heavy-ion collisions in nuclear physics.!” The elimination leads
to closed systems of equations for the marginal probability Z, (a; t):

0 0 ,
- - ; = —%Ru(a; wu' NGy £ )y
<m+ﬁm>%ﬂm0 ,£Mr%ij'(00 (34)

00
Fu (05 1) = Z Kuula, f)f Ry(d'; da', (35)
0
w'#u

where «,,(a, t) are renormalized rate coefficients which are com-
plicated functionals of the Green functions &, (s, t|so, to) attached
to the operator L, which are the solutions of the equation
(0, —IL)YGS, (s, t|sg, t9) = 6&(s —sg)d(t — ty). The evaluation of
kyy(a, t) requires the numerical evaluation of the Green functions
G, (s, t|sg, tg). In general the renormalized rates «,, (a, t) depend
both on the age a of the state 4 and on the current time ¢. If the fluctu-
ations of the control parameters are stationary, then the renormalized
rate coefficients depend only on age, not on time, «,,,,/ (a, t) = Ky, (a)
independent of ¢. Unlike the renormalized master equations (29),
Egs. (34) and (35) are exact; they describe both intramolecular as
well as chemical fluctuations. If the renormalized rate coefficients
are independent of time, then Eqs. (34) and (35) can be transformed
into a generalized master equation (GME)!6:18;

a t
EPLt(t) = /O %:[Pu’(t — Atwy, (At)

— P, (t — Awy (At)]dAt, (36)

where w,, (At) are acceleration coefficients which can be computed
in terms of the renormalized rate cocfficients. We have

wyy (At) = vg/ﬂ(_A}»\)

« {Dg’ﬂ(s,a) [Kuu’(a) GXP(— Zu” _[61 K““u(a”)da”)] }
°%(S,a) exp(— Z“N /‘O(l Kyu (a”)da”) ’

(37)
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where Z(s 4y and .ZQE,A,) denote the direct and inverse Laplace trans-
formations, respectively.

Among the three sets of renormalized rate parameters, l;uu/,
kyw(a), and wy, (At), the following asymptotic relations are
obtained:

~

o @]
kyy = lim k. (a) :/ Wy (At)Yd At. (38)
a—>o0 0

The dependence of «,,/(a) and w,,/ (At) on a and At is due to
intramolecular fluctuations. The approximate renormalized equations
(29) do not contain detailed information about intramolecular dynam-
ics, and thus they are able to describe only chemical oscillations.
In contrast, the exact renormalized equations (34) and (35) and (36)
are formally equivalent to the stochastic Liouville equations (32) and
(33), and describe both intramolecular as well as chemical kinetics,
therefore, they are able to describe both types of oscillations.

In conclusion, in single-molecule kinetics, both intramolecular as
well as chemical processes can produce oscillations. There are no
simple recipes to distinguish between these two types of oscillations;
intramolecular oscillations tend to be faster than the chemical oscilla-
tions but there can be situations for which this is not true. Regarding
the description of oscillation displayed by correlation functions, there
are different types of models available. (1) Global techniques based
on the use of characteristic functionals; (2) Local methods based on
the use of stochastic Liouville equations, combined with the use of
age-dependent and generalized master equations and the renormal-
ization group approach.

3. On-off time distributions and oscillations

The analysis of on—off time distributions in single-molecule kinetics
and their connections with chemical and intramolecular oscillations
can be carried out by using an approach based on age-dependent mas-
ter equa‘dons,19 similar to Eqgs. (32)-(35) combined with the method
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of characteristic functionals.” We consider a given realization of the
random rate coefficients k = k() with k = [k,,], k,,, = O; for this
realization we introduce the joint probability

P, (a; t, kK(t))dt = P, (a; t)dr, 39

for the chemical state u of the molecule and for the age a of the
state u at time ¢. In the following considerations we describe the
fluctuations of the rates directly, without the use of any control
parameters. This joint probability obeys the normalization condi-
tion ), fooo P, (a; )da = 1. In terms of P, (a; t)da we can intro-
duce the probability density y(alu;t) of the age (lifetime) of a
gtven chemical state u, which obeys the normalization condition,
foooy(alu; t)da = 1, and can be expressed in terms of the joint prob-
ability &2, (a; t)da as

Py (a; t)da _ Py(a; t)da
J5” Pua;yda PuD)

where P,(t) = fooo P, (a; t)da is a state probability which is the
solution of the master equation (1). The conditional probability
y(z|u; t) is the solution of a system of modified age-dependent master

equations!?:

y(alu; t)da = 40)

(% + a—i) v(alu; t) = —y(alu; f)(;)u(f), (41)

yOlu; ) = D k(1) /0 yalu'; ndT =) k(1) = 6,0,

u'FEu u'#u
42)
where
kura (6) = k() P (£)/ P (1) (43)
are adjoint rate coefficients and
C:)u (t) = Z icu’u (t) (44)

u'#£u
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is a total (fluctuating) adjoint transition (decay) rate attached to the
chemical state u. Equation (41) has an exact formal solution. We
assume that the fluctuations of the rate coefficients are stationary,
ahypothesis which is justified by the fact that usually single-molecule
kinetic experiments are carried out at statistical equilibrium. For this
reason, without loss of generality, we can push the initial condition to
minus infinity, fp — —o00, and can represent this formal solution as

t
walu; 1) = ©,(t — a)exp [— / @u(t’)dt’] . (45)
t—a

An experimental observable is the averaged distribution of the
lifetime over all possible values of the rate coefficients ¢(alu) =
{y(alu; t)). We have

t
plalu) = <C:)u(t — a)exp [—/ @u(t/)dt']>, (46)
t—a

where the dynamic average (...) is taken over all possible fluctuations
of the rate coefficients. In Eq. (46) we take into account that the
fluctuations of the rate coefficients are stationary, and as a result
the average probability density of the lifetimes, ¢(a|u), depends on
the lifetime @ and is independent of the current time, ¢. For a given
chemical state u, this dynamical average can be expressed in terms
of a single random variable, the total adjoint rate @, (r). By assuming
that the cumulants of the total adjoint rate ©, (1) exist and are finite,
the experimental observable ¢(a|u) can be easily evaluated. We have

p(alu) = é)f’,ff(ll) exp |:— /“ (:)iff(a/)da’] , 47
0

where (:Dflff (a) is the total adjoint effective decay rate attached to the

state u, which is given by a cumulant expansion similar to Eq. (8)
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from Sec. 2:
~ B 9 0 (_l)m—l
eff e e
O @ =(Ou) + o~ ) ———
¥

d m=2 ’
X /(.) /0 ((@M(l‘l)"'@u(tm)))dtl cedty. (48)

The identical structures of Eqs. (8) and (48) for keg(Af) and
@2& (a), respectively, make it possible to bring many of the results
about correlation functions to the study of on/off time distributions,
and vice versa. In particular, the survival function of a state u,

2alu) = / - o(alu)da = exp [— / ’ ész(a’)da’] , (49)
a 0

plays the same role as the two-point correlation function of the fluo-
rescent signal. We notice however that the rate coefficients involved
in the two cases are different. They are direct rates for correlation
functions and adjoint rates for on/off time distributions. In addition,
we notice that the results about correlation functions are valid only
for separable models, whereas the results for on/off times are more
general; they apply to any master equation (1) with fluctuating rate
coefficients. As far as we know, no experimental data about oscilla-
tions and their possible connections with on/off statistics have been
published in the literature. Anyway, the same approaches as the ones
used for correlation functions can be applied for the analysis of the
oscillations. In particular, the analysis of the effective rates (:)le‘ff (a)is
more suitable for the identification and analysis of oscillation, rather
than the distribution ¢(a|u) or the survival function £ (a|u).

4. Reaction event statistics and oscillations

Of all observables in single-molecule kinetics, the reaction events
have the longest history; they were studied decades before single-
molecule kinetic experiments were possible. The numbers of reac-
tion events as stochastic variables in time were first discussed over
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80 years ago in Jean Perrin’s celebrated book, The Atoms.?® In 1974,
Milan Solc?! =23 computed the probability distribution of the reaction
events for a monomolecular reaction. In connection with a problem of
nuclear physics, Vlad and Pop?* developed a systematic Lippmann—
Schwinger expansion for the solution of a master equation for the
joint probability density of the state and the number of transition
events for Markovian process in continuous time and discrete state
space.* A more general expansion approach, which in particular can
be applied to chemical reactions, was developed by Vlad and Ross.?>
Two different Lippmann—Schwinger expansions are developed: the
first one produces exact expressions for the probabilities of the reac-
tion events, and the second one produces exact expressions for the
factorial moments and cumulants of the reaction events.

Regarding the applications to single-molecule kinetics, a seri-
ous mathematical difficulty arises: the average over the fluctua-
tions of the rate coefficients is very hard to compute analytically
or numerically. The simplest approach is to ignore the fluctuations of
rate coefficients.?27 Although the method of Lippmann—Schwinger
expansions can be extended to fluctuating rate coefficients, its appli-
cation is numerically intensive; it requires repeated numerical inte-
gration of the master equations for different realizations of the rate
coefficients, storing the resulting Green functions in a database, fol-
lowed by the evaluation of dynamic averages.

The basic theory starts from a master equation for the joint prob-
ability F,(q; t) of the state  and of the matrix q = [g,,] of the
numbers g, of reaction events u — u’:

d "
EFLI(q; t) = Z Fu ( ) 'fj"zrrf’ - l; ceay ")ku’”(” - u{q; "-)
u'F#u
X Z kuu”(t)- (50)
u' £u

If the fluctuations of the rate coefficients are neglected, k1, (1) = k5
independent of ¢, and F), (q; ¢) as well as the moments and cumulants
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of g4, can be easily evaluated by deriving from Eq. (50) an equa-
tion for the partial generating function of F,(q;1t), G,(s;t) =
Zq [T, (Suw)e Fy(q; t) with |s,,| < 1, followed by the use of
Lippmann—Schwinger expansions. (For details, see Ref. 25). In order
to take the flucuations of the rate coefficients into account, the method
should be applied repeatedly for different realizations of the rate coef-
ficients k,, (), followed by the evaluation of dynamic averages.
For fluctuating rate coefficients, a simpler procedure is based
on the use of age-dependent renormalization technique mentioned
in Sec. 2. For simplicity we take the fluctuating rates themselves
as control parameters, kK = s, and write a system of stochastic
Liouville, age-dependent equations for the joint probability density
0. (a, k, q; t) of the state u of the molecule, its age a, its matrixk = s
of the rate coefficients (control parameters), and its matrix q of the
numbers of reaction events
(5 +20) @i
=LOu(ak q:t) — Qu(@ ka0 Y ku, (51)
u' #u

o0
QuO. Kk, q; ) =Y kuy / 0u(d K, ..., quy — 1;...;t)dd .
u'F£u 0

(52)
The elimination of the fluctuation rate coefficients in Egs. (51) and
(52) leads to a system of renormalized age-dependent master equa-
tion for the joint probability density .%#,(a, q; t) of the state u of the
molecule, its age a, and its matrix q of the numbers of reaction events

d d
(5 + 5) Fula, ;1) = —F(a, 4 1) Y kuw(a, 1),  (53)
‘ u'#u

Io%)
Fu(0, q;t) = Z Ky (a, t)/ yu’(a/a e Quy — | t)da/7
0

w'#u
(54)
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where «,,(a, t) are the same renormalized rate coefficients as the
ones from Egs. (34) and (35). In particular, if the fluctuations of
the rate coefficients (control parameters) are stationary, then the
renormalized rate coefficients depend only on age, and not on time
Kuw (a, t) = Ky, (a), independent of ¢. In this case too, it is pos-
sible to use a generating function transformation, ¥,(a, s;t) =
Zq [ Suu)u’ Fy(a, q; t) with [s,,/| < 1, followed by the use of
Lippmann—Schwinger expansions.

The application of these approaches in the general case to exper-
imental data is rather complicated and involves the use of advanced
numerical techniques. For separable systems, the average over the
fluctuations of the rate coefficients can be carried out analytically.
Although complicated, the theory leads to analytical results, which
are similar to the ones obtained for the correlation functions of the
fluorescent signal. In particular, for a system with two states, one
fluorescent and the other one non-fluorescent, the second-order cor-
relation function of the “out” reaction events, attached to each state,
can be expressed in terms of the damping factor . (At), given by
Eq. (7). It follows that the considerations account for the relations
between oscillations and correlation functions can be easily adapted
to the study of the relations between oscillations and the statistics of
the reaction events.

5. Conclusions

In this chapter we tried to get the reader acquainted with the process of
building stochastic models for single-molecule kinetics, with special
reference to oscillations. The emphasis was on model building, rather
than on model classification or model solving. We have illustrated
model building based on various techniques from nonequilibrum
statistical physics, including both global as well as local methods:
global characteristic functionals, stochastic Liouville equations, age-
dependent and generalized master equations, and different stochastic
renormalization techniques.
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We tried to show how the models can be used for describing
intramolecular as well as chemical oscillations in single-molecule
kinetics. Based on theoretical considerations, we also tried to develop
criteria for distinguishing between these two types of oscillations. The
difficulty of the analysis of experimental data depends on the type
of experimental observable used. On/off time data statistics are the
easiest to process. Moreover, the theory imposes few restrictions for
the models, which describe on/off time distributions; in particular, no
separability conditions are needed. Building models for the other two
observables, the correlation functions of the fluorescent signal and
the statistics of the reaction events, is more complicated. These mod-
els can be solved analytically only in a few cases (separable models,
deterministic rate coefficients). In general the use of these models
require advanced numerical computations.
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